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AN AFPRaKrMATEMETHODOF~G THESUBSONICFLOWINAN ,

ARBITRARYSI’REAMFILAMENTOFREVOLUIZONCUTBY

ARBITRARYm OMCHINEBMOES I

By Chung-HuaWu,CurtisA.Brown,andVasilyD. Prian

A methodispresentedto obtaina relativelyquickappro-te
determinationofthedetailedsubsonicflowofa nonviscousfluidpast
arbitraryturbomachineblades.Thegoverningeqpationsareformulated
asthoughtheflowwereconstrainedto stresmfilsmeqtsofrevolution
(thethicknessesofwhichvaryastheypassthroughthemachine).
Attentimisfirstfixedona certainstreamlinelyingbetweenthe
bladesandin sucha filament.TheshapeofthisstresmJ3.neandthe
specificmassflow(productofdensityandvelocity)alongit couldbe “
estimated,forexample,fromtheshapeandthewidthofthechannel
formedby twoadjacentbladesandfromtheinletconditions.Fran
thesestartingvalues,thegoverning’equationsyieldseparatevalues
ofdensityandvelocityccmponentsandtheirderivativesinthecircum-
ferentialdirection.Thesevaluesareincorporatedina Taylor’sseries
toprovidetheanalyticalcentinuationoftheflowquantitiesfrm the
chosenstreamlineto thebladesurfaces.Considerationsof integrated
massflowthenshowhowtheassumedshapeofandspecificmassflow
alongthechosenstreamlinemustbe adjustedtoprovidea startingpoint
ina secondcycleofccnnputation.

Themethodisillustratedwithexamplesofcompressible‘flowina
turbinecascadeandina centrM’ugslcompressor.Forthese~gh-so~~ty
blades,threetermsoftheTaylor’sseriesarefoundto-givesufficient
accuracy.Sufficientconvergenceisobtainedintheturbinecascade
aftertwocyclesofccmputatio,n(startedwithan availableincompressible
means_&amJ3ne)andinthecentrifugalcompressorafterfourcyclesof
computation(-tithoutanyaidofavailableinformaticm).Thedetailed
flowvariationobtainedcomparesverywell.withanavailablenumerical
solutionandexpertientaldatafortheturbinecascadeandwithdetailed
experimentalmeasurementsforthecentrifugalcmupressor.Becauseeach
cycleofcomputationforcompressibleflowtakesonly16hours,suc-
cessiveimprovementofthesolutionispractical.

.
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moDucTzoN

A basicaerodynamicprbblemofgas-turbineenginesistheflowof
airorgasthroughthecmnpressororturbinebladings.Whenthedis-
tancebetweenhubandcasingisrelativelyshort,theairorgasmaybe
assumed,forsaa~roxhmtesolution,toflowalongsurfacesofrevolu-
tionwhichareusuallynoncylindrical(figs.1 and2). Theequations
governingtheflowofa nonviscouscompressiblefluidalongsuchsur-
faceshavebeenformulatedrecentlyby theuseofa setoforthogonal
coordinates.Z and ~ (meridionalandangular,respectively)onthe
surface(figs.1 and2),andgeneralmethodsof solutionforbothsub-
sonicandsupersonicflowaregiven(references1 and2). Inthecase
ofsupersonicflow,solutionby theuseofthemethodofcharacteristics
Is satisfactory.Butinthecaseof subsonicflow,thegeneralnumerical
methodsuggestedtakesa longtimeto accomplishifa high-speedl.arge-
scaledigitalccmpukbgmacklneisunavailable.In sucha case,a much
quickerapproximatemethodof solutionwhichgivessufficientaccuracy
isdesirable.

Whenthedistancebetweenhubandcasingofthecompressorortur-
bineisrelativelylarge,thetwo-dhensionalsolutionoftheflowalong
thesurfacesofrevolutioncutby thebladesecti’onsbecomesinadequate.
A generaltheoryofthree-dimensionalflowisgiveninreference3,in
whichthecompletethree-dimensionalflowina turbomachineis obtained
by a suitablecaibinationoftwo-dimensionalflowsalongtwokindsof
stresmsurfaceextending,respectively,fromhubto casingandfrom
bladetoblade(fig.3). Inthefirststageof suchcalculations,it
isdesirabletohavesomegeneralappro~te knowledgeofthedetailed
flowvariationfrombladetobladeobtainableby relativelyquick
approximatemethmlsby assumingthatthegasflowsalongsurfacesof
revolution.

Forthesepurposes,a quickapproximatemethodof solutionofthe
detailedsubsonicflowofa nonviscousfluidpastarbitrarytmbomachine
bladesectionsalonganarbitrarysurfaceofrevolutionhasbeen
develo~edattheNACALewislaboratory.T’nemethodisessentia3J.yan
efiensionofthegeneraltwo-dimensionalbladedesignmethodreported
inreference4 andisparticularlyusefulforhigh-solidityblades,such
asthoseencounteredinaxial-flowturbinesandradial-ormixed-flow
compressorsandturbines.Themethodispresentedandisthenillus-
tratedbytwoexsmples,namely,compressibleflowpasta turbinecas-
cadeandcompressibleflowalonga curvedstreamfilsmentofrevolution
(atthemeanbladeheight)ina centrifugalcompressor.Thevelocity
andpressuredistributionsalongthebladesurfacesaswellasacross
thechannelarecomparedwithavailablenumericalsolutionsorexperi-
mentalmeasurementsorb’oth.

2’
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SYMBOLS

Thefollowingsydbolsareusedinthisreport:

staticentbal.py

bladelengthprojectedonturbomachinesxis

orthogonalcoordinatesonmeansurfaceofrevolution -

massf10W

numiberofblades

pitchor spacing

staticpressureofgas

totalpressureofgas

radialdistancefromsxisofturbcmmchine

normalchanneldistancefromhubto casinginmeridionalplane

bladethicknessin circumferential.direction

bladespeed,u

absolute

velocity

distance

distance

slopeof

ratioof

velocityofgas

ofgasrelativeto%lade

equalto r~ forflowoncylindricalsurface

alongaxisofturbomachine

‘Y w
streamline“onstreamsurface,tan-l-~ or tan-l~

z w~

specificheats

correctionin specificmassflow

densityofgas

Wr
slopeofmeridionalcurve,tan-l-~

z

-—-———-—. .—.. .. —. ——- .— _________ ..___ -_. r__ ..
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T normalthiclmessof streamfilamentofrevolution

$ streamfunction

u ~ velocityofblade

Subscripts:

c on+osen streamline

i at inlet

Z,g meridionalandcircumferentialcomponents,

m onmeanstreandine

P pressuresurfaceofblade

s’ suctionsurfaceofbkde

t totalor stagnationstate

Y y-component

z z-component

respectively

Superscript:

* dimensionless-valueobtainedbydividingby inletvalue

MIH!lIOD

EquationsGoverningFlowonArbitrarySurface

of Revoltiion

Whenthegasisassumedto be nonviscousandtoflowsteadilyalong
surfacesofrevolutioninturbomachines,a relativelyshple description
formulatedinreference1 ~fthegoverningequationsforthegasflow
isapplicable.Forthegasflowinginanarbitrarystreamfilamentof
revolutiondeftiedby themeridionalcoordinate.Z andtheangular
coordinate9 ofthe~an surfaceofrevolutionandby thevarying
normalthickness7 ofthestreamfilament(fig.1),thecontinuity
equationtakesthefollowingform

a(TPW2r).+ ~(TfWp)= o
, & aq

(1)

-— -- —. .—— —— ————— —-—- ---— -.--——— ..- ——. . .——. ----- ..— —. .—. —. —.



IW.2ATN 2702 5

Thecircumferentialccmponentoftheequationofmotionforirrotational
absoluteflowis

t ..

(2)

itsvalueattheinletandthe
isentropicrelationbetweenenthalpy

Thedensityofthegasisrelated.to
N localgasvelocitybytheuseof.the

?
anddensikyofperfectgases

[

1+;
P*=~=Pi hi- )

(3)

tiwhich I is,aconstantforstea~adiabaticflow.

GeneralDescriptionofApproxhmteMethodofSolution

In orderto obtaina relativel.yqpickapproximatesolutionofthe
flowequaticms(1)to (3)ona givenarbitrarystreamfilamentof
revolutioncutby arbitraryturbomachineblades,attentionisfirst
fixedona particularstreamlineaboutmidwaybetweentwoneighboring
blades(fig.2(a)),as inthedesignmethodofreference4. Theshape
ofthisstreamlheandthespecificmassflow PWz alongit are’esti-
matedfromthegivenbladeshapeandtheinletandexitconditions,and
separatevaluesofvelocitycomponentsanddensityonthischosen
stresailinearetheneasilycmptited.Afterthis,successivecircum-
ferentialderivativesofvelocitiesareobtainedfromthevalues
obtainedonthechosenstreamlhe,andthefluidpropertiesinthe .
angulardirectionareobtainedby employingthesederivativesina
Taylor’sseries.To thispoint,thecalculationisexactlythesame
asthatinthebladedesignmethodgivenh reference4.

Aftercompletionofthisphaseofthework,themassflowbetween
thecho”senstreamlineandthetwogivenbladesurfacesis computed,
ratherthan,as inreference4,thebladecoordinatesb~ingcomputedfor
a &ven inletmassflow.By compmingtherelativepercentagesandthe
totalmassflowwiththe%lue givenattheinlet,theshapeofthe
chosenstreamlineandthespecificmassflowalongitsrecorrected.In
general,thisprocessisrepeateduntilconvergenceis obtained.(h
thesubsequentexamples,tier saneexperienceonthepartofthecom-
puter,thelatercyclesforbothexamplesarecompletedwithin16hr
each.)Theaccuracyofthesolutionoftheproblemthendependsmost
,onthenumberoftermsusedinthe
accuracy,thedataobtainedinthe

Taylor’sseries.Fora checkofthe
solutionleadquicklyto a calculation

—. .. - . . —- -- . —..-.. —. . . . . . -.. .—.- —.—e ...-— __. . . .. .._____ ___ --..
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oftheresidualsofa seccmd-order
streamfunction,whichisobtained

NACATI?2702

partialdifferentialequationinthe
by cakdningequations(1)md (2)

(seereference4). Iftheresiduals-arefoundtobe large;the-solu-
tioncanbe readilyimprovedby therelaxationtechniqueanda more
accuratesolutionofthegivenbladeonthegivensurfaceis established.

ChoiceofStartingStreamline

Thechoiceofthestartingstreamlineusedinthecalculation
dependsonindividualcases.Jhaxial-flow-typemachines,thestream-
linecircumferentiallydividingthemassflowinthechannelintoInro
equalparts(fig.2(a))isbesttouseandisfoundto reseniblesome-
whattheblademeanlineinreference1. Thisstreamlineis designated
themeanstreamline,andtheflowonitmaybe takenasthemeaninthe
chsmnel.h thecentrifugalcompressorproblemtobe presentedlater,
themeanstreamlineisfoundtobe toocloseto thesuctionsurfaceof
oneblade. (Theshapeisalsoquitedifferentfromtheblademeanline.)
Theextensionoftheflowfromthemeanstreamlinetothepressuresur-
faceoftheouterbladethereforerequiresmoretermsintheseries.
As a cmprmise,a stresmMnehaving65percentofthemassflowbetween
itandthesuctionsurfaceofonebladeischosen.

CalculationofFlowalongChosenStreamline

~ nobetterinformationisavailable,theshapeofthechosen
streamlineistakenasthatoftheblademeanMne andthespecificmass
flowalongitisestimatedastheaveragevaluebetweentheblades
accordingtothefollowingrelation:

(PWZ)CTr

~
P=—
P-t

(4)

or

(PWJCTiri P
(p%~).“=- Tr P-t—— — (4a)

(Seetheappendixfortheschemeofnondime~sionalization.) Fromthis
valueof P*T~, theslopeofthechosenstreamline(tm Pc),andthe
giveninletcondition,separatevaluesof * w*Wz, ~ and P* alongthe

chosenstreamlineareobtainedasfollows:Equation(3)is remitten
o

,_ —- .- ..—.—. ..— ———. _____ ,————— .— ——.
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where

I

and

7

(5)

(6)

(7)

TablesLLsting~ in smallintervalsof @ aregiv~ inrefer-

{
ence3 for T = 1.4 and 4 3. (Thereisa misprintofa minussignin
theexponentofequation(5 atthetopofthetablesgiveninrefer-
ence3.) Withthegivenvaluesof P*W;sec13alongthechosenstream-

line,@ is calculatedaccordingto equation(6),~ isthenreadfrom
thetable,and p: is obtainedaccordingtoequation(7). After p:
isdetermined,W: ~ and Wp,c areeasily

>
lowingformulas:

P
(P”fi).

Z,c= p:

obtainedbyuseofthefol-

(8)

Pc (9)

Wheneverthereisavailableinformationconcerningtheflowpast
similarblades,thisinformationshouldbe usedto obtaina betteresti-
mateoftheshapeofandtheflowonthechosenstreamlineinthefirst
calculation.

AngularVariationofFluidState

Thefirst-andsecond-orderangularderi~ativesof Wz,~~ ~d P
atthechbsenstreamlinecanbe obtainedfrcmthebasicequations(l),
(2),and(3)(seereference3 forderivation)as

.- . . . . . . . . . . . . . . . . . . .--—. — —.. ---- ------ .-—. ---- . .. . ..,_. ..-_ _____ . . . . _. ___. . ... . . .
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–+w,~+&j2+(#$2](1,)
a%z

(T-1) (1 + ~ ;2r2- ; Wq ‘zaP2

Third-andhigher-orderderivatives,ifrequired,canalsobe
obtained.Thevsriationofanyfluidpropetiyq acrossthechannel
ata constantvalueof Z isthencomputedby a Taylor’sseriesin

), (g - ~=)2#’q() (T-Tc)3& +
q(q)=%+ (9-@#q + 2: @c+ 3:

()a$ c”””
(16)

.—. .. —.—. — .-. —-— .——_— ——— — .——-. — .—..-. —-—— —
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Afterthevariationoffluidstate-intheangulardirectionis
obtained,themassflowacrossanyconstant-2L1.nefromthechosen
streamMnetothesuctionandpressuresurfacesofthetwoadjacent
bladesis camputedby thefollowingformulas(fig.4):

9

(18)

CorrectionofShapeofandSpecificMassFlowalong ~

ChosenStreamline

Thecorrectnessofthesolutionwithintheaccuracyof‘thefinite
termsretainedtitheseriesisindicatedbythefollowingthreeitems:
(1)thecloseness ofthesumof Ms and ~ tothegiveninletvalue,
(2)theconstancyoftherelativemagnitudesof Ms and Mp alongthe
streamline,and(3)theclosenessoftheratioof WT to Wz computed
atthebladesurfaceandtheslopeofthegivenbladesurface.

A simplemethodofcorrection’issuggested.~ figure4(a)are
showna numberof stationsusedinobtainingth”emassflowacrossa
constant-2line,whichsreequhllyspacedineachofthetwosegments.
Thevariationsof PW~ andmassflowalong CP obtainedinthesolution
areshownby thesolidlinesinfigures4(b)and4(c),respectively.
Whether(Ms+ ~) isgreaterorsmallerthantheinletmassflowindi-
cateswhetherthe PWZ vsll.ueis,ingeneral,higherorlower,respec-
tively,thanthecorrectvalue.Withthevariationof PWZ withrespect
to ~ assumedcorrect,a constant(withrespectto p) A isaddedto .
the PW2 valuesobtainedinthesolutionto fitthemassflow;thus

(19)

A correspondingincreaseinmassflowequalto Tr(q-Qs)multipliedby
A isthenaddedtothecurveinfigure4(c),resultinginthedashed
line.A newpositionofthechosenstreamlineq: isobtainedbyread-
ingfromthisnewcurveatthechosenpercentageofmassflow.

. . .... . ... .. . . .. .--— -. .-— —- -----. .— —-. .....—— _ . . . ..c .—— ..— .__ .,__-..-——— .-..——
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Thisprocessofcorrectionistobe appliedat eachstationalong
themeanstreamline.Furtheradjustmentcanbemadefortherightflow
directionatthebladesurfaces.Thechosenstre~e mayalsobe
correcteda shortdistanceoutsidethechannelby using.thefinite-
U3?ferenceequationsgiveninreference1, orend-pointdifferentiation
formulasmaybe usedatthefirstandlaststationsinsidethechsanel.
Ifaccuratedeterminationofthevelocitydistributionneartheleading
edgeisdesired,eithershorterspacingscanbe chosenthereanddif-
ferentiationcoefficientsforunequalspactigs(reference5) canbe
used,ora portionoftheflowregionneartheleadingedgecanbe
improvedby thefinite-differencemethodsgiveninreference1.

APPLICATIONS

Themethoddescribedisappliedto obtainanapproximatesolution
ofcompressibleflowpasta turbinecascadeofuniformT andalonga
curvedstreemfilamentofrevolutionwithvari&bleT in a centrifugal
compressor.

TurbineCascade

Thisisa relativelyshplecaseofthegeneralmethod.Fortwo-
tiensionalflowpasta cascadeofblades,T isuniformthroughoutand
T/Ti isunity;also,r isa constsmtand sinu = O. Forconvenience,
thecoordinatesr and ~ arecombinedtobecomey (coor&hate2
becomescoordinatez).

Thecascadechosenisthatinvestigatedinreference1,forw~ch
datashowingdetailedtheoreticalflowvariationatinletMachnumbers
of0.42andO andtheexperimentallydeterminedpressuredistribution
onthebladeatan inletMachnuriberof0.42areavailable.

Theshapeofthemeanstreaml@eandthevariationof W; obtained
intheincompressiblesolution(seefigs.8 and10 ofreference1]are
usedasthestartingmeanstresmlti~andthevariationofspecificmass
flow P*W; alongthemeanstresaibhe,respectively,forthecompressible
solutionatan Met Machnumberof0.42.

Aftertheflowonthemesastresmkheisdetermined,theextension
inthe-y-directionisaccomplishedbytheuseofthefirstthreeterms
oftheTaylor’sseries.Themassflowcmputed”forthegivenblade
shapeisfoundtobe somewhathighinmostplacesandthedivisionof
maSS flowiS suchthat Ms is slightlylowerthan ~. A correctimis
thenmde accordingtothemethoddescribed.Theresultsofthesecond
solutionareentirelysatisfactoryandno furthercorrectionismade.
(Thecomputationfollowsthesetupgiveninreference4.)

.. -— —-—— . -—.— —— -——— —
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Thestartingandcorrectedmeanstreamlinecoordinatesareshown
infigure5(a).Thestartingandcorrectedvaluesof (p*W~)mandthe
ratioP/(P-t)areshowninfigure5(b).Thevariationacrossthe
channelofthemagnitudeofthedimensionlessvelocitycmnponentsas
wellas oftheresultantvelocityis camparedwiththerelaxationSOIU-’
tionofreference4 infigure6. Thevelocitydistributionaroundthe
bladeis compared~ththerebxationsolutionandexperimentalvalue
‘ofreference1 infigure7.

,
Ingeneral,thecomparisonis satisfactory.~e-goodcorrelation

isespeciallyapparentformostofthechannelalongthepressuresur-
faceoftheblade.However,thevelocity~tient oftheentranceand
exitsectionsforthesuctionsurfaceofthebladeis scmewhatdif-
ferent;theexperimentalcurvehasa steeper,gradientthaneither
theoreticalcurve.

FlowalongCurvedStreamFilamentofRevolution

1 HeightinCentrifugali%pe~er

Themethodisappliedto a moregeneralcaseof

atMeanBlade

theflowalonga
curvedsmfaceofrevolutionina centrifugalimpellerforwhichthe
expertientaQymeasuredblade-to-bladeflowvariationatthemeanblade
heightisavailable(references6 and7). h reference7,thetheo-
reticalvelocitydistributionaroundthebladesurfaceisobtatned
essentiallyby assuudngthatthemeanstreamlinehasthessmeshapeas
theblademeanline&ndthata linearvariationofairvelocityexists “
acrossthepassage.Negativetheoreticalvelocity,whichisnotobserved
expertientdly,isobtainedatthepressuresurface.Withthecor-
rectionprocedureforthesha~eofandthespecificmassflowalongthe
chosenstreamlbeandtheprovisionofa Taylor’sseriesto consider
morethana linearvariationoftheflowconditionacrossthepassage,
thepresentmethodisappliedtothisimpellerfora morecompletecom-
parisonwiththeexperimentaldata. .

Simplifyingassumptions.- Sothatthistheoreticalcomputatim
canbe madeandtheresultscomparedwiththeexperimen~aldata,the
followingassumptionsmustbe emphasized:

(1)In orderto comparethetheoreticalresultswiththeavailable
experimentaldatameasuredalongthesurfaceofrevolutionatthegeo-
metricalmesnbladeheight(Jig.8),itis assumedherethattheair
particleslyingona circleofthemeanradius8.15attheinletsub-
sequentlyforma stresmsurfaceofrevolutionwhichcoincideswi’ththe
geometricalmid-blade-heightsurfaceinstrumentedintheaforementioned
expertientalstudy.Ingeneral,thestreamsurfacesoformedbythe

.—- .- . . . ..— —..- -—..—- .—.- -——— —.—.——..— - —.-_———. . . ..—



12 NACATN 2702

airparticleslyingori@nallyona circleattheinletdeviatesfroma
surfaceofrevolution.Themagnitudeofthedetiation,however,isyet
tobe determined.A s&faceofrevolutionmaybe assumedforsimpli-
city;ifdesirable,however,thepositionofthesurfacemaybe more
accuratelyobtainedfroma hub-to-casingcalculationalongan S2
surfacesimilarto thatshowninfigure3 by themethodgiveninrefer-
ences3, 8,9,or10. Thisisnotdonehereinbecauseexperimental
datame availableonlyalongthemean-blade-heightsurfaceofrevolu-
tion.

(2)IntheTresentsolution,itisassumedthattheratioofthe
normalthiclmessofthestreamfilsmentT to itsinletvalueisthe
ssmeastheratioofthenormaldistance’betweenhubandcasingT at
thessmeplacetothatattheinlet;thatis,T/Ti is equalto T/Ti.
A morecorrectvaluecouldagainbeobtainedfromtheaforementioned
calculation.Frm theresultsobtainedinanincompressiblesolution
giveninreference9 fora similarcentrifugalimpeller,it isfound
that T/Ti is largerthan T/Ti inthefirsthalfoftheflowpath
andsmallerinthesecondhalf(fig.9). Thisapproximationwillthere-
foregivelowerandhighervelocities,respectively,forthesetwo
porticms.

(3)Viscosityeffectisneglectedinthetheoreticalcalculation.
Thebomdarylayerintheactualflowreducestheeffectivechannelsrea
andtherebyticreasesflowvelocity,andtheviscouslossesincreasethe
entropyoftheairandreducetherisein staticpressure.Theseeffects
shouldbe smallattheinletandincreasegraduallytowardtheexit.

Computationprocedure.-Withoutanyhelpofavailableinformation
ontherelationbetweentheshapesofthemesnstreamlineandthemean
bladelineforthistypeofflow(ona generalsurfaceofrevolution),
thestartingcalculationismadewithan assumedmeanstreamlinethe
ssmeastheblademeanlineandlocatedmidwayinthechannel.ItsPOSi,-
tiondownstreamofthebladeisdeterminedon.thebasisof a slipfactor
of0.91andtheconditionthattheangularmomentumoftheairremains
constsmtalongthestresml.ine.me startingvalueof.P*I? isbased
onequation(4a)witha-ninclusionofa multiplicationfactorof1.23
to accountforthereductionof chsnnelcross-sectionalareacausedby
thetaperinthebladesection(seefig.3 ofreference7). Elevensta-
tions1.1inchesapartareusedinsidethehpeller(figs.2(b)and8).
Thedeterminationsoftheflow-glongthemeanstreamlineandofthefirst
andsecondderivativesofflowvelocitiesintheangulardirectionare
givenintableI. Thedeterminationofthemassflowbetweenthemean
streamlineandthetwobladesurfacesat onestationis sho~mintableII.

,

—— — .— _. _.._ . _ — .—. ———.—. . _ -. - .. —-.______. . .
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Theresultsobtainedinthis
acrossthechannelatmost.ofthe
inletvalueandthatthedivision

13

calculationshowthatthemassflows
stationsarelowerthanthegiven
ofmassflowissuchthatthemean

streamlineshouldbe shiftedconsiderablytowardthesuctionsurfaceof
theblade,especiallyalongthemiddleportionofthestreamline.So
thatthelocationofthechosenstresmilinewillnotbe toocloseto the
suctionside,a streamlinewhichhasa massflowbetweenitandthe
suctionsideof 65percentofthetotalmassflowinthechannelisused
fortheremainingcalc@ations(fig.10). Thevariationsof (T*r*p%-~)~
and (P*W:)Ctakenframthecorrectedvaluesareshmmin figuresn(a)
andn(b), respectively,by thesquaresymbols.

Withthesestartingvaluesforthe65percentstreamline,a new
cycleofcalculationismadeaccordhgtothe.setupshownintablesI
andII. Correctionintheshapeofandthespecificmassflowalong
the65percentstreamlineisfurthermadeinthesamemanneraspre-
viously.

Thesameprocessisrepeatedtwomoretimes.To exp~te conver-
gence,thecorrectedvaluesobtaimedarenotdirectlyusedasthestart-
ingvalueforthenextcycle.Instead,a interpolatedvalueofall
previouscalculationsisused. Thisinterpolationis doneby plotting
thestartingsndcorrectedvslluesofeachcycleofcalculationalongthe ‘
abcissasndord!lnate,respectively.Theintersectionofthecurvejoin-
ingthesepointsanda 45°linepassingthroughtheoriginistakenas
themorecorrectvaluetobe usedasthestartingvaluefortheneti
cycleofcalculation.Thethirdcycleofcalculationthusobtainedfor
the65percentstreamlineshowssufficientconvergence.Thesuccessive
shapesof T%*P*Wf and P*TT forthe65percentstreamlinesrecom-
psredinfiguresH(a) andll(b).Theaccuracyofthelastsolution
isalsointicatedbythevaluesofresiduals(tableIII)ofthediffer-
entialequationinthestreamfunctionccmputedaccordingto themethod
giveninreference4. Theesthatederrorin P*V dividedby the
approximatevalueisgivenintableIV. (Theseratiosindicatethe
orderofmagnitudeoferrorinvelocity.)

Comparisonoftheoreticalandexperimentalflowvariation.- The
velocitydistributionsalongthe10percentand90percentgeometrical
ties t&en fromtheexperimentaldatareportedinreferences6 and7
arecmparedwiththetheoreticalvaluecmputedforthesameposition
infigure12. It is seenfromthisfigurethatthetheoreticalvelocity
givesa qualitativepictureoftheexpertientalvariation,andthatthe
averagetheoreticalvelocityis, in f3enerdj relativekf Iowj esPeCi~Y
inthefirsthalfofth’eflowpassage.Iftheeffectoftheass~ed
surfaceofrevolutionfortheactualtwistedsurfaceis disregarded,
mostofthisdifferenceprobablycanbe attributedtotherelatively
largeerrorintheassumedT/Ti variationforthefirsthalf,as
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indicatedby fi~e 9. Towardthetrailing&ge oftheblade,the
reductionofflowsreaduetoboundarylayeralongthebladesurface
shouldalsoincreasethevelocityintheactual
tonoteherethatnonegativevelocityoccurred
ofthebladeinthetheoreticalsolution.

Thetheoreticalandexperimentalpressures
arecamparedinfigure13. Ingeneral,thetwo

case.Itis ofinterest
atthepressuresurface

along thebladesurface
agreemuchbetterthan

inthecaseofvelocitydistribution,&d thedifferenceinpressure
onthetwosidesofthebladefortheexpertientaldataislargerthan
thatforthetheoreticalvalue.Thedifferencesamongthetheoretical
andexperimentalvaluesshouldbe explainedthroughthedifferencein
velocityandthesmallerincreaseoftotalpressuredueto lossesinthe’
actualflow.

Thetheoreticalandexperimentalvariationsofrelativevelocity
andstaticpressureacrossthepassagearecomparedinfigmes14and15.
Infigure14,thetheoreticalvelocityislowerthantheexperimental
valueinmostplaces.Frompressuresurfaceto suctionsurface,the
theoreticalvelocityalsohasa highergratientthanthatof~ average
linedrawnthroughtheexperimentaldata.Besidestheassumptions
madeinthetheoreticalcalculations,thereisako theexpertiental
errorinthemeasurementsofstaticandtotalpressure;thisdiffer-
enceinpressuresisusedinthecomputationoftheexperimental
velocity.Whenthevelocityissmall,thenormalerrorinthepres-
suremeasurementscancausea verylargeerrorinthevelocityso
computed(seereference7).

Ontheotherhand,thetheoreticalandexperimentalstaticpressures
agreewellthroughoutthepassage(fig.15). Thisgoodagreementindi-
catesthatthepresentapproximatemethodof solutionshouldbeusefulin
predicting,comparing,or impro~ theperformanceof,atleast,similar
typemachines.

CONCLUCIDJGF3MlRKS

A methalispresentedto obtatia relativelyquickapproximate
solutionofthedetailedsubsonicflowofa nonviscousfluidpastarbi-
trsxyturbomachinebladesalohga givenarbitrarysurfaceofrevolution.
Themethodisil.lustratedwithexamplesofcompressibleflowina tur-
binecascadeandina centrifugalccinpressor.Threetermsintheseries
to accountforthecircumferentialflowvariationfromthechosenstream-
lineaboutmidwayinthechanneltothebladesurfacearefoundtohe
sufficient.Fora centrifugalcompressor,themeanstreamlineshapeis
foundqtitedifferentfromthatoftheblademeanline;consequently,
correctionforthemeanstreamlineshapeisnecessary.Sufficientcon-
vergenceisobtainedaftertwocyclesofcomputationfortheturbine

. —
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cascadeandfourcyclesforthecentrifugalcompressor.(Eachcycleof
computationcanbe donein16hr.) Thedetailedflowvariation5
obtahedcomparedverywellwithan availablenumericalsolutionand
expertientalmeasurements.

Lewis’FlightPropulsionLaboratory
NationalAdvisory&xumitteefor,Aeronatiics~

Clevebd, Ohio,February12,1952

.

/
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AJ?PENDIX- NONDIMENSIONALIZATIONOFEQUATIONS

Intheexamples,allquantitiesaremadedimensionlessas follows:

ww*=G; IP=J-” P*=&; h*=~; I*= M
w~,-J‘ Pi w

#; M*=
-firipi%,iZ,i -L,i

Inthis-nsionl.essform,
to (14),and (16)to (18)appear

e&ations(3),(4a),(6),(7),(10)
asfollows:

(I*+$
P*= (3’)

(4a’)

(6’)

(7’)
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Inthesecondexample,the’velocityandstatic
intermsof,respectively,thevelocity”ofs~d at
ditionandtheinlettotalpressure

(13’)

(14’)

(16’)

(17’)

(18’)

pressureare@ven
theinlettotalcon-

—.— ...— —.. . . . .. . . ._ ___ -..
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w % i—=”-Lfl
%,i %,i

P Pi
—P

*1.4—=
p-t,i %,i

ThedhensionlessformofthepartialCMfferentialequationinthe
stresmfunctionusedto computethe
tions(4)and(5)of reference1 or
thatequation,thelastterminthe
shouldhavea minu~sign.)

residualis obtainedfromequa-
equation(26’)ofreference4. (b
secondparenthesis,’2upsinU,

1.

2.

3.
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1
2
3
4
5
6
7
8

‘9
10
11
12
13
14
M
16
17
18
19
20
21
22
23

-@_

a

o
1.1
2.2
‘9.3
4.4
5.5
6.6
7.7
8,8
9.9
I.1.o
L2.1
13.2
X4.3
El.4
16.5
17,6
U3.7
19,8
20.9
22.0
23.1
24.2

@

1+

1
1.CiM6
1.0509
1.L571
1.2736
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1.6663
1.8012
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2.3396
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3.3521
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1
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------
------
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------
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.-----
------
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,8962
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.-----
.-----

0
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)rwy ,\
1
l,CO.6
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l,lao
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1.1747
1.1414
1.U,75
1.09W
1.0657
1,0740
1,0637
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l,WSO
1.0360
1.0277
1.01s5
1.0119
1.CU56
1

@

‘&q)m
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.9574
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1.0391
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1.L764
1,1781
1.1797
1.1781
1,1728
1,1723
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1.1721
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1.1786
1.1826
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1.1833
1,1796
1.1621
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-1.1573
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-1.4792
-1.5236
-1.450a
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o
0
-.1595
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-1.0493
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*
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2.8799
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3,3214
3.1025
2,5849
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1.5971
1.2897
1.1105
1.0342
1.0027
1
1
1.0254
1.162=3
1.57XJ
2.1(04
2.7721
3.5170
4.4399
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M
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m
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2.33S3
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2.1914
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3.94C%
3.59U
2.8452
2,2227
1.7900
1.5274
1.4213
1.3734
1.3738
1.37m
1.41e3
1..%16
2.2c06
2.8440
3.e-92a
4.8938
5.8960

@
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1,0197
1.0159
1.021.O
1.0235
1.0267
1.0306
1,0349
1,0397
1.0A50
l,cm8
1.ck567
1.0632
1.0701
1.0774
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z.om2
1.1018
1.IJ.07
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1.L299
1.1400
1.1502
1.1617

+
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)
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1.CHM
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1.033
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1.CW1
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1.1022
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1.1476
1.1656
1.1846
1.2049
1.2265
1.24Ss
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1.4546
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.8885
.2528
.8699
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.6346
.8140
.7917
.7679
.7437
.7m
.6923
.66m
.6393
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.5259
.5593
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.5061
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.4556
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.4069
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.061.6
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.1255
.L54S
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.C1540

:%?
.0370
,0355
.0340
.CK55
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.0470
.Mw
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.068s
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.mlm
.%61
.94=
.9403
.%?ea
.8229
.9327
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.%29
.9716
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.9793
.6a09
.9817
.9625
,6827
.9B09
,97s5
.9888
.9601
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,9434

@
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1.MKI1
1.Q343
1.0071
1.@366
1.0243
1.IM16
1.om5
1.02eJ3
1.0602
1.0894
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1.1203
1.U319
1.2M0
1.2277
1.2522
1.2752
1.2955
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1.3316
1.3723
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,ml
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.0374
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-1.1572
-1.1229
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-1,6252
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-.0518
0
0
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.-.----
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-0.61%
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1
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1.9584
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------
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------
------
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.-----
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1.36250
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------
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(3

-------
-------
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o
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.04S3
,0327

-,2609
-,5069
-------
-------



2384

I

,

i

/

I

I

!
$

I
I

I
\
I

TAPJJEI-ixJmmAmmoFmmw mRRAMum AND FlR5rAm16H?oRoq-mRlmTIvE8 ATmAHElm.Mmm - Comlld?d.

Ration

1
2
3
4
5
6
7
8
9
10
11
l.’
13
14
15
la
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.7 8 9 10 U u 13 14 15 la 17

-0.80 .----- ------ ------ ------ ------ ------ ------ ------ ------ ------ -_--:-

-.75 ------ ----_- ------ ------ ------ 0.3208 -0.5986 -o.3188 -0.2762 -1.8827 -0.9203
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Figure 2.- Conoluaea.Blfidesectionsm mean surfaceof’revolution.
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Figure4. - Correctionsforpositionof chosenstreamlineand
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